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CN ■ Abstract. We investigate the fundamental concept of a closed quantum subgroup of a locally 

f*^ , ' compact quantum group. Two definitions — one due to S. Vaes and one due to S.L. Woronowicz 

Q\ — are analyzed and relations between them discussed. Among many reformulations we prove 

r^) ■ that the former definition can be phrased in terms of quasi-equivalence of representations of 

1 quantum groups while the latter can be related to an old definition of Podles from the theory of 

^i> ' compact quantum groups. The cases of classical groups, duals of classical groups, compact and 
discrete quantum groups are singled out and equivalence of the two definitions is proved in the 

'^^ ' , relevant context. A deep relationship with the quantum group generalization of Herz restriction 

^v( ■ theorem from classical harmonic analysis is also established, in particular, in the course of our 

Q ^ ' analysis we give a new proof of Herz restriction theorem. 

C^ . 

1. Introduction 

In this paper we study the notion of a closed quantum subgroup of a locaUy compact quan- 

Cn i tum group. The theory of quantum groups phrased in operator algebra language is already well 

^ ' established as a rapidly developing field on the border between noncommutative geometry and 

Jy^ I abstract harmonic analysis. Nevertheless, the fundamental notion of a closed (quantum) subgroup 

^—s ■ has not received enough attention so far. There have been several "working definitions" of such an 

If^ [ object, but most efforts were directed toward developing other aspects of the theory. The first to 

look at quantum subgroups of (compact) quantum groups was P. Podles ([3T1|32], see also a later 

("^ I discussion in [30]). His view was motivated by the straightforward noncommutative generalization 

^SJ ' of the inclusion homomorphism from the subgroup to the group and required the existence of a 

surjective *-homomorphism between the algebras of continuous functions on respective quantum 

groups. This point of view, however, has many disadvantages and drastically limits the number 

of subgroups (e.g. many quantum groups do not have the trivial subgroup in this sense). Soon 

it was realized that in the context of compact quantum groups one should rather require the ex- 

j^ I istence of a surjective >i=-homomorphism between the universal versions of algebras of continuous 

functions on respective quantum groups. This approach, adopted for example in [3] and [3], avoids 

the problems mentioned above and also enables a purely algebraic reformulation in terms of the 

underlying Hopf *-algebras. It was not clear, however, whether it would lead to a satisfactory 

notion for arbitrary locally compact quantum groups. 

In 2005 in [43] S. Vaes proposed another definition of a closed quantum subgroup of a locally 
compact quantum group, phrased in the language of von Neumann algebras. This definition was 
used in the same paper to develop the full force of the theory of induced representations and 
homogeneous spaces for quantum groups. Earlier another definition of a closed subgroup of a 
locally compact quantum group was proposed in [S] Definition 2.9] by Vaes and Vainerman. We 
show that the definition of Vaes and that given by Vaes and Vainerman are equivalent. It should 
be stressed that the argument needed to show that the definitions of a closed quantum subgroup 
proposed in [43l |44] give the standard notion of a closed subgroup in classical case is quite subtle. 
It can be formulated as saying that an inclusion of a closed subgroup H into a locally compact 
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group G induces a normal inclusion of respective group von Neumann algebras vN(_ff ) '— > vN(G) 
and is equivalent to the fact that the restriction to H of regular representation of G is quasi- 
equivalent to the regular representation of H . This is, in turn, equivalent to the conclusion of the 
Herz restriction theorem which says that the map of Fourier algebras associated to H '^ G \s a. 
surjective contraction ([15], cf. also Section |4|). All this has been known to the experts for a long 
time (cf. [MlliaiTOlinilll]); a detailed proof can be found in the 2008 thesis of C. Zwarich ([52]). 

The definition given in [33] is very well adapted to the problems studied in that paper, but it was 
not clear whether it is optimal in other contexts and how it relates to the notion studied earlier for 
compact quantum groups. As mentioned above it is also relatively difficult to see that it actually 
generalizes the classical notion of a closed subgroup. Yet another possible definition, related to the 
recently introduced notion of morphisms between quantum groups ([27]). was suggested to us by 
S.L. Woronowicz. Woronowicz's definition is phrased entirely in the language of C*-algebras and 
it is notably easier to see that it generalizes the ordinary notion of a closed subgroup of a locally 
compact group (see Section |4|). The main focus of this paper is on understanding the relations 
between the definitions of a closed quantum subgroup of a locally compact quantum group given 
by Vaes and Woronowicz and providing their equivalent reformulations. 

The definition of Woronowicz is deeply connected with the notion of a C*-algebra generated by a 
quantum family of multipliers (which we analyze in Subsection II. ip and turns out to be equivalent 
to the reformulation of the original idea of Podles, i.e. corresponds to the existence of a surjective *- 
homomorphism between the universal versions of the algebras of continuous, vanishing at infinity, 
functions on respective locally compact quantum groups. On the other hand the definition of Vaes 
can be rephrased in a simplified way (still in the von Neumann algebraic language) and turns out 
to be intimately connected with the notion of quasi-equivalence of representations of quantum 
groups (|40j, cf. Theorem 13. 4p . Moreover, we show that this definition of a closed subgroup of a 
quantum group is strongly tied to the generalization to quantum groups of the Herz restriction 
theorem (cf. Remark l3.8p . 

We show that the definition of Vaes is stronger than the definition of Woronowicz, in the sense 
that if H and G are locally compact quantum groups and IH is a closed quantum subgroup of G 
in the sense of Vaes, then it is also a closed quantum subgroup of G in the sense of Woronowicz. 
Further we prove that they are equivalent in all special cases one usually considers: classical groups 
(both definitions describe the standard notion of a closed subgroup) , duals of classical groups (both 
definitions describe a group epimorphism in the opposite direction), compact quantum groups 
and discrete quantum groups (Sections lU |5]and|6|). In particular this opens the way to finding 
all compact quantum subgroups of a given locally compact quantum group G via the theory of 
idempotent states (as studied for example in '36]) since each compact quantum subgroup of G gives 
rise to a state on the algebra of functions on G, which is idempotent with respect to the convolution 
product, and such states can be sometimes computed directly using Fourier transform methods. 
In the context of compact quantum groups this strategy was employed in [14j to re-establish the 
list of all quantum subgroups of SUq(2), originally found by Podles in [35] • 

In the course of our investigation we make crucial use of the quantum group versions of the 
Fourier and Fouricr-Stieltjes algebras (cf. [9", Section 8]). It is worth noting that our work produces 
a new proof of the classical Herz restriction theorem (see Section |4]). In the group-dual case we use 
the results of M. Hie and R. Stokke on weak*-continuous maps of Fourier-Stieltjes algebras (|18j) 
which we are also able to generalize (to some extent) to the quantum group setting (Proposition 
15. 3p . This exemplifies the connections of our article with recent extensions of noncommutative 
harmonic analysis to the context of locally compact quantum groups (see for example [17j and 
references therein). 

Finally let us note that the differences between the definitions of a closed quantum sub- 
group according to Vaes and Woronowicz bear a striking similarity to the interplay between the 
Kustermans- Vacs definition of a locally compact quantum group (formulated in [23' ) and the def- 
inition of a quantum group used in [40 [ 127] and based on the theory of manageable and modular 
multiplicative unitaries f [50[l39j ). Again, the former definition is stronger and in all examples one 
finds that the two approaches are equivalent. Moreover, in special cases of classical groups, duals 
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of classical groups, compact and discrete quantum groups we have results on existence of Haar 
measures, so the Kustermans-Vaes approach is equivalent with the one used by Soltan-Woronowicz. 

At the present stage of research in the theory of quantum groups it is very difficult to predict 
whether the definitions of a closed quantum subgroup given by Vaes and Woronowicz are equiv- 
alent. We conjecture that in the full generality they are different. However, it seems very likely 
that in large classes of well-behaved locally compact quantum groups, e.g. the regular or even 
semi-regular ones, the two definitions will turn out to be equivalent. 

Let us give now a brief description of the paper. In the remainder of this section we collect 
necessary preliminaries from the theory of C*-algebras (Subsection ll.il) . locally compact quantum 
groups (Subsection 11.21) and homomorphisms of quantum groups as defined in ^7\ (Subsection 
II. 3p . Section[2]focuses on the theory of representations of quantum groups and the notion of quasi- 
equivalence of such representations. We also relate this notion to the problem of generation of C*- 
algebras by quantum families of multipliers, which later turns out to be crucial for understanding 
the interplay between the definitions of closed quantum subgroups given by Vaes and Woronowicz. 
These are introduced in Section |3] with the relations between them unraveled. We provide several 
equivalent reformulations of either definition and show that the former implies the latter (in the 
sense described above). We also give sufficient conditions for the two definitions to be equivalent. 
Section |3] is devoted to the study of both definitions of a closed quantum subgroup in the special 
case of classical groups. We prove there in detail that both are equivalent to the standard definition 
of a closed subgroup and discuss the direct connection between the definition of Vaes and the Herz 
restriction theorem. Then in Section [S] we conduct a similar investigation for the case of duals of 
classical groups. In this case also the definitions of Vaes and Woronowicz agree. Finally in Section 
iniwe show that the two definitions are equivalent for compact and discrete quantum groups (more 
precisely a compact quantum group H is a closed subgroup of a locally compact quantum group 
G in the sense of Vaes if and only if it is a closed subgroup of G in the sense of Woronowicz, and 
a similar result holds for subgroups of discrete quantum groups) . 

1.1. C*-algebras and morphisms. Throughout the paper we will use the language of the theory 
of C*-algebras as introduced in 071 HSl 1311 HI] • In particular for C*-algebras A and B a morphism 
from A to B is a *-homomorphism $ from A into the multiplier algebra M(B) of B which is 
non-degenerate, i.e. the set $(A)B of linear combinations of products of the form $(a)6 (a G A, 
6 e B) is dense in B (by the Cohen factorization theorem this is equivalent to the condition 
that $(A)B = B). The set of all morphisms from A to B will be denoted by Mor(A, B). The 
non-degeneracy of morphisms ensures that each $ e Mor(A, B) extends uniquely to a unital 
*-homomorphism M(A) —^ M(B) which we will sometimes denote by $. This also defines the 
operation of composition of morphisms (see [47l |49l HI])- For a Hilbert space H the C*-algebra 
of compact operators on H will be denoted by /C(H). Any C*-algebra A acting on H (written 
A C B(H)) will act non-degenerately, so that the identity map idA: A — )■ A is a morphism from A 
to /C(H). More generally a representation of A on H is by definition an element of Mor(A,/C(H)). 
The notion of a morphism of C*-algebras generalizes that of a continuous map between locally 
compact Hausdorff spaces. We have the following well known result: 

Theorem 1.1. Let X and Y he locally compact Hausdorff spaces and let B = Co(A^) and A = 
Co(F). Then 

(1) any continuous (j): X ^Y defines a morphism $ G Mor(A, B) via 

*(/) = ./o0, (/ e A); (1.1) 

(2) for any $ G Mor(A, B) there exists a continuous (p: X ^fY such that (jl.ip holds. 
Fixing $ and (j) so that (II. ip holds we moreover have 

(3) the range of ^ is contained in B = Co(A^) */ and only if cj) is a proper map, 

(4) (j) has dense image if and only if $ is infective, 

(5) (j) is injective if and only if $ has strictly dense range. 
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The strict topology on a multiplier algebra mentioned in Theorem 11.11 is described e.g. in [491 
Section 2] or [Ul Chapter 1] . The proof of the above theorem is a simple exercise in elementary 
topology and we leave it to the reader (see e.g. [461 Exercises to Chapter 2]). 

Let A be a C*-algebra. The dual space A* is naturally a module over A and we will denote the 
natural left action of a G A on (/? G A* by a • </?, so that (a • ip){b) = (p(ba) for all 6 S A. Note that 
if C C B(H) then C acts in a natural way on the functionals in B(H)» = /C(H)* and we have 

C • /C(H)* = C/C(H) • /C(H)* = /C(H) • JC{H)* = /C(H)*. (1.2) 

(all sets above are automatically closed by the Cohen factorization theorem). 

For C*-algebras A and B their minimal tensor product will be denoted by A (8> B. For von 
Neumann algebras M and N the von Neumann algebra tensor product of M and N will be denoted 
by M(i)N. The tensor flip a (E> b i-> b ® a will be denoted by a regardless of which C*-algebras 
are being considered. We will also use the same symbol "(8>" to denote tensor product of Hilbert 
spaces. 

In [49] S.L. Woronowicz introduced a very important notion of a C*-algebra generated by 
elements which do not necessarily belong to it. We will use a crucial part of his theory dealing 
with C*-algebras "generated by a quantum family of multipliers" . Let A and C be C*-algebras and 
let T G M(C Cgi A). By analogy with the classical situation (when C is commutative) the element 
T is referred to as a quantum family of elements of M(A) labeled by the spectrum of C (cf. [491 
Formula (2.5)]). 

Definition 1.2 ([49i Definition 4.1]). Let A and C be C*-algebras. We say that A is generated by 
T G M(C ® A) if for any Hilbert space H, any representation p of A on H and any C*-algebra 
B C B(H) the condition that (id ® p){T) G M(C ® B) implies that p G Mor(A, B). 



Examples of the situation described in Definition 1 1 . 21 are plentiful. For the simplest case consider 
a C*-algebra A generated by a finite set of elements ai, . . . ,a„ G A (in the usual sense, i.e. the 
closure of the set of algebraic combinations of the elements ai , . . . , a„ and their adjoints coincides 
with A). Then A is generated by T G M(C" ® A) with 



^-E' 



, ei (g) Oi 

where {ei, . . . , e„} is the standard basis of C". More complicated examples of C*-algebras gener- 
ated by quantum families of multipliers are given in j49l Section 4] . In this paper we will be mostly 
interested in examples of this situation arising from representations of locally compact quantum 
groups to be studied in Subsection 11.21 Section [5] and Section [31 

Remark 1.3. Let H and K be Hilbert spaces and consider C*-algebras Ai, A2 C B(H) and C C B(K). 
Suppose that T G B(K ® H) is such that T G M(C ® Ai) n M(C ® A2) and T generates both Ai 
and A2. Then Ai = A2, as the identity representation of Ai is a morphism in Mor(Ai, A2), and 
similarly the identity representation of A2 is a morphism in Mor(A2, Ai). This argument appeared 
already in i 49! . 

Usually it is difficult to check that a given T G M(C(8)A) generates A. For the needs of this paper 
it will be very useful to apply the following criterion. Note that if T G M(C ® A) and C C B(H), 
then each functional oj G B(H)* defines an element of C*, so that, in particular, (a;(g)id)(r) G M(A) 
( [241 Proposition 8.3], [25l Lemma A.3]). 

Lemma 1.4. Let A and C be G*-algebras with C C B(H) for a Hilbert space H. Let T G M(C® A) 

be unitary and define 

5= {(w(8)id)(T)|wGB(H),} CM(A). 
If S (Z A and S generates A (as a subset of the C* -algebra A) then T G M(C ® A) generates A. 

Proof. Let K be a Hilbert space and let p be a representation of A on K such that (id p){T) G 
M(C (g) B) for a certain C*-algebra B C B(K). It is easily seen that p{S) C M(B), which implies 
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that p(A) C M(B) because S generates A. Furthermore 

(p(S')B)^"" ={p{{c-uj(S)id){T))b\ceC, 6 e B, a;eB(H),}^" " 

= {(cj®id)((id(8)p)(r)(c®6))|ceC, be B, weB(H),}^"" 

= {{uj(g) id)(c ® 6) I c e C, & e B, : w G B(H),}^" " = B, 

where in the first equality we used the formula (|1.2I) and in the last one we used the fact that 
(id (g) p){T) is unitary in M(C <g) B). This shows that p € Mor(A, B) and ends the proof. D 

Remark 1.5. Sometimes it is important to use the notion of a C*-algebra generated by a quantum 
family of multipliers in a different version. More precisely let A and C be C*-algebras and let 
T G M(A (g) C) (note the different order of tensor factors from the one in Definition II. 2p . We 
will say that T G M(A ® C) generates A if a{T) G M(C A) generates A in the sense described 
in Definition 11.21 It can happen that a given T G M(C ® A) generates A and at the same time 
T G M(C(X) A) generates C. Coming back to the analogy with classical situation we would say that 
in the first statement T is a quantum family of multipliers of A labeled by the spectrum of C and 
in the second statement T is a quantum family of multipliers of C labeled by the spectrum of A. 

Throughout the paper we will use the so-called leg-numbering notation. This is explained in a 
number of texts on quantum groups, e.g. |33i [2]. 

1.2. Locally compact quantum groups and their universal versions. For the theory of 
locally compact quantum groups we refer the reader to [23' and to pSj for an equivalent approach 
with different initial axioms. Most results of this paper are true in a potentially more general 
setting of quantum groups defined by modular multiplicative unitaries f |39i I40i 127] ). but we will 
stay within the theory of Kustermans and Vacs. For a locally compact quantum group G the 
corresponding C*-algebra of "continuous functions on G vanishing at infinity" will be denoted by 
Co(G). This C*-algebra is equipped with a comultiplication Ag G Mor(Co(G), Co(G) ® Co(G)). 
There is also the reduced bicharacter W^ G M(Co(G) (?) Co(G)) (see [17, Page 53]), where G 
denotes the dual of G. The Haar weights provide a realization of both Co(G) and Co(G) on the 
Hilbert space L^{G). Then W^ G B(i2(G) ^^^(G)) is a multiplicative unitary ([2]) called the 
Kac-Takesaki operator of G ([25]). The comultiplication is then implemented by W : 

Ag(/)=W'^(/®1)(W«)* 

for all / G Co(G) (note that we are using the conventions of P', [501 [23 HOI HZ] favoring right Haar 
weights over left ones). The embedding of Co(G) into B(L^(G)) defines also the von Neumann 
algebra L°°(G) as Co(G)". Moreover we have 

Co(G) = {(tj®id)(W^)|wGB(L2(G))J^"". (1.3) 

In fact Co(G) is generated by the quantum family W^ G M(Co(G) ® Co(G)) in the sense described 
in Definition 1 1 . 21 ( [50 ] ) . Moreover the C*-algebra Co(G) is generated by quantum family W"* G 
M(Co(G) ® Co(G)) (note the difference, cf. Remark[L5|). 
The dense subspace 

Ag = {(w®id)(W'^)|wGB(L2(G))J C Co(G) (1.4) 

(no closure) is called the Fourier algebra of G ([9j Section 8]). Note that the vector space Ag is 
indeed a subalgebra of Co(G) ([U Proposition 1.4]). We will identify the quotient of B(i^(G)) 
by the functionals which vanish on Co(G) with L°°(G)*. It is clear that one can use this space of 
functionals instead of BfL^(G)) in all formulas of the form (11.41) or (11.31). 



Lemma 1.6. Let Gr be a quantum group and let rj G Co(G)* be non-zero. Then (id ?7)(W 
M(Co(G)) is non-zero. 
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Proof. If 77 7^ then it must be non-zero on the norm dense set Ac,. Therefore there is a normal 
functional u on B{L^{G)) such that ri{{uj » id)(W''')) ^ 0. Consequently 

Lj((id«)?7)(W^)) 7^0 

which clearly implies that (id ® ■r]){W^) 7^ 0. D 



The first consequence of Lemma [L6l is that Ag is isomorphic as a vector space to L°°(G)*; in 
particular it is a Banach space with the norm transported from L°°(G)*. Indeed this is the point 
of view of classical harmonic analysis ([H]). We will view the Fourier algebra both as a Banach 
space and a subspace of Co(G). 

The universal object related to G is a C*-algebra which we will denote by Co(G), endowed with 
a comultiphcation Ajj S Mor(CQ(G), Cq(G) ($• Cq(G)). This object was introduced and analyzed 
in [22] . In the more general setting of quantum groups defined by modular multiplicative unitaries 
the universal C*-algebra corresponding to G is studied in |40l Section 5]. The reduced bicharacter 
lifts to the universal level, i.e. we have the universal bicharacter 

W^ eM(C5(G)«)Co(G)) 

f |221 Proposition 3.8] and [371 Proposition 4.8]). Following the conventions of [JU] the reducing mor- 
phisms for G and G will be denoted by Ac G Mor(Co(G), Co(G)) and Ag G Mor(Co(G), Co(G)) 
respectively (see [40, Definition 35]). We have 

(Ag0AG)(W'^)-W«. (1.5) 

The elements (id ® Ag)(W^) and (Ag (g) id)(W'^) will be denoted by 

W^ G M(CS(G) (E> Co(G)) and W"^ G M(Co(G) ® C5(G)) (1.6) 

respectively. We have 

CS(G) = {(w«)id)(W«)|cjGB(L2(G))J^"" (1.7) 

([301 Formula (5.14)]) and consequently the C*-algebra Cq(G) is generated by the quantum family 
W^ G M(Co(G) eg) C5(G)) (by LemmadH cf. [40] and Proposition [H]). 

The universal dual is determined by the quantum group G only up to isomorphism, so when Ag 
is an isomorphism (i.e. G is coamenable) then we can declare that Cq(G) = Co(G) and Ajj = id. 
Then 

V¥^ = W"^ and W^ = W^. 

Similarly, when G is coamenable then 

W^ = W^ and W^ = W'^. (1.8) 

Note that quantum groups which are classical (i.e. quantum groups G for which Co(G) is com- 
mutative) are always coamenable. 

Proposition 1.7. Let G be a locally compact quantum group. Then the reducing map Ajj is 
injective on the subspace 

{(id0r?)(W^)|r?GB(L2(G))J. (1.9) 

The proof is obvious: 

((id®r;)(W^)7^0) =^ (ry^^O) =^ ((id ® ry)(W^) 7^ o) 

by Lemma [1.61 applied to G. Note that Proposition 11.71 can be viewed as a generalization of the 
very useful [ST] Proposition 3.2]. The image of Ac on the subspace (|1.9p is exactly the Fourier 
algebra ^g- K follows that Ag(Co(G)) = Co(G). 
The Fourier- Stieltjes algebra of G is the space 

Sg = {(ry ® id)(W«) 1 77 G C5(G)*} c M(Co(G)) 

(see [9] Section 8], note that in that paper Bq was embedded into M(Co(G)) and not into 
M(Co(G))). A reasoning analogous to that in the proof of Lemma [L6] shows that Bq is isomorphic 
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as a vector space to Co(G)*. Indeed, as {(id [iuoAg])(W''') |cj e L°°((G),} is dense in Cq(G) 
( [40l Section 5]), a non-zero 77 must be non-zero on some element of the form (id<Si [ujoA(;])(W^), 
so (a;oAG)((?7 «> id)(W'^)) ^ 0. In particular (7? (g) id)CW^) 7^ 0. 

In what follows we shall utilize both pictures of Ag and Bg — as Banach spaces of functionals 
and at the same time as (non-closed) subspaces of Co(G) and M(Co((G)) respectively. 

A quantum group G is compact if the C*-algebra Co(G) is unital. In this case we write C(G) 
instead of Co(G). Dually, G is discrete if G is compact. In this case Co(G) is a Cp-direct sum 
of matrix algebras and we write Co(G) instead of Co(G). We also write in this case i°°{Gr) for 
L°°(G). Discrete quantum groups are always coamenable ([33 ). We refer to [5T| for the complete 
account of the theory of compact quantum groups and to 33, Section 3] for a thorough treatment 
of discrete quantum groups. 

Finally let us mention that on the level of bicharacters the duality between G and G is imple- 
mented by the tensor flip and the adjoint operation: 

W^ = cr(W'^)*. (1.10) 

It follows that 

W^ = a{W^)* and W^ = cr(W^)*. 

1.3. Homomorphisms of locally compact quantum groups. Let G and H be locally compact 
quantum groups. In [27] it is shown that the following three classes of objects are in a one-to-one 
correspondence: 

(1) strong quantum homomorphisms: morphisms 

7reMor(C5(G),C3(H)) 
such that 

(2) bicharacters (from H to G): unitaries 

VgM(Co(G)«)Co(H)) 
such that 

(Ag®idco(H))("t^) = V^23l43, 

(idc^(g)®AH)(l/) = 1/12143. ^^- ' 

(3) right quantum homomorphisms: morphisms 

p e Mor(Co(G), Co(G) ® Co(H)) 

such that 

(Ag ® id)op = (id ® p)oAg, 

(id (g) Ah) op = (/9(g) id) op. 

All these should be thought of as alternative descriptions of a fixed homomorphism from H to 
G. Note that the reduced bicharacter W"^ of G introduced in Subsection 11.21 is a bicharacter from 
G to G in the above sense and describes the identity homomorphism. Sometimes, to simplify the 
language, we will refer to a strong quantum homomorphism n as above as a homomorphism from 
H to G. A strong quantum homomorphism tt is related to the bicharacter V via the formula 

F=(Ag®[AH07r])(W'^), (1.12) 

while the right quantum homomorphism p is given by 

p{x) = Vix(dlco{M))V* 

for any x G Co(G) C B{L'^{G)). 
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One can also check (see [23 Lemma 3.4]) that for a unitary V G M(Co(G) Cg) Co(]HI)) the 
conditions (|l.lip are equivalent to the following "twisted" pentagonal equations: 

y23W5^2=Wf2T43"^'23, m M(Co(G) ® /C(l2 (G)) Co (H)) , (1.13a) 

W^gFia = Vi2Vi3W^3, in M(Co(G) «) /C(L^(H)) (g) Co(H)). (1.13b) 

The next result, namely [27, Proposition 3.14], describes in the simplest way the construction 
of the dual homomorphisms (cf. (jl.lip ). 

Proposition 1.8. IfV is a bicharacter from H to G, the unitary V = cr(F*) £ M(Co(H)®Co((G)) 
is a bicharacter from Gr to M. 

Proposition 11.81 makes possible the following definition: 

Definition 1.9. Let tt be a morphism from H to G with corresponding bicharacter V. Then the 
strong quantum homomorphism defined by V is called the dual of n and will be denoted by tt, so 
that n e Mor(C5(H),Co(G)). 

Let us note the most fundamental equality relating tt to tt (and determining tt uniquely) con- 
tained in [271 Theorem 4.15]: 

(id®7r)(¥f^) = (??®id)(W'"). (1.14) 

By applying (Ag (8) Ah) to both sides and using (|1.12l) we obtain 

(Ag ® [AH07r])(W'^) = V= ([Ago^] (g> Ah)(W«). (1.15) 

Moreover if tti and 1:2 are strong quantum homomorphisms associated with homomorphisms from 
Gi to G2 and from G2 to G3 respectively then 

since (jl.l4[) characterizes the dual strong quantum homomorphism. Thus if n is an isomorphism 
of C*-algebras then so is tt. 

Theorem 1.10. Let G and H be locally compact quantum groups. Consider a homomorphism 
from H to G such that the corresponding tt £ Mor('Co(G), Co(IHI)) is an isomorphism, i.e. tt is 
a one-to-one map from Co(G) onto Co(]ElI). Then there exists an isomorphism tTj. o/Co(G) onto 
Co(H) such that tt^oKq = Ahott. 

Theorem 11.101 says that isomorphisms in the category of locally compact quantum groups con- 
sidered in [37] drop down to C*-algebraic isomorphisms of the reduced level. In what follows we 
will refer to this situation by simply saying that G and H are isomorphic. A proof of this result 
may be given along the lines of [HI Proposition 8.7] (cf. also [HI Proposition 7.1]). In Section[3] 
we will give a short proof of Theorem 1 1 . 1 01 using representation theory of locally compact quantum 
groups and techniques developed in this paper. Let us note that these techniques make no use of 
the existence of Haar weights and are equally applicable to quantum groups arising from modular 
multiplicative unitaries. 

2. Representations of locally compact quantum groups 

In this section we recall some basic notions of the representation theory of locally compact quan- 
tum groups ([2], [ini Section 3]) and establish alternative characterizations of quasi-equivalence of 
two representations of a given quantum group (Theorem 12. 2p . 

Let G be a locally compact quantum group and let H be a Hilbert space. A strongly continuous 
unitary representation of G on H is a unitary element U G M(/C(H) ® Co(G)) such that 

(id(g.AG)((7) = C/i2t/i3. 

We will usually write simply of "representations of G". Moreover the Hilbert space H will be 
usually decorated by the subscript [/, so that U G M(/C(Ht/) ® Co(G)). 
For such a representation L*" of G the subspace 

Ac/ = {{iA®uj){U)\uj e L°°(G),}^"'" 
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is a non-degenerate C*-subalgebra of B(H) (it was denoted "B(j" in 40i). In fact U is a. multiplier 
of Ac/ Co(G) and the quantum family U £ M[Au <» Co(G)) generates Au ( [SUIHO] ). 
We will also use at some point the notation 

Au^ {(id®w)(C/)|t^GL°°(G),}. 

It is easy to check that Au is an algebra — this is a quantum group analogue of the "Fourier 
space of a representation" defined in [TJ Definition (2.1)]; note for example that Ayj-a is the Fourier 
algebra ^g of G. Observe further that a bicharacter from H to G is a representation of H on L^(G) 
and it follows from Proposition 11.81 that F is a representation of G on L^ (H) . 

The generating property for representations can be reformulated in terms of their slices. In the 
following proposition note the use of the notion of a C*-algebra generated by a quantum family 
of multipliers in the version described in Remark 11.51 



Proposition 2.1. Let U be a representation of G on a Hilbert space H and let A be a non- 
degenerate C* -subalgebra o/B(H). Assume that U e M(A (g) Co(G)). Then the following are 
equivalent: 

(1) [/ e M(A(g)Co(G)) generates A; 

(2) A = Au. 

Proof. A direct consequence of the fact that U generates Ay and Remark 11.31 (cf. [101 Subsection 

3.5]). D 

The standard notions of representation theory were all collected in [40l Section 3] . 

• Two representations U and y of G are equivalent if there exists a unitary operator T G 
B(H[/, Hy) such that 

(r®i)[/ = F(T®i). 

• If H is a Hilbert space then the trivial representation of G on H is 

Ih - 1b(h) «) lco(G) e M(/C(H) ® Co(G)). 

• The tensor product of two representations U and V is the representation 

U®V e M{IC{Hu ® Hv) ® Co(G)) 

defined by 

U®V = U13V23. 

• Representation U and V are quasi-equivalent if there exists a Hilbert space H such that 
lH®f^ and Ih®T^ are equivalent (|40l Proposition 13]). 

The following theorem will be crucial in the next section, when we analyze a definition of a 
closed quantum subgroup proposed in [33]. The implication ([T])^© is 40, Corollary 15]. 

Theorem 2.2. Let U and V be representations of Gi on Hu and Hy respectively. The following 
three conditions are equivalent: 

(1) U is quasi- equivalent to V ; 

(2) there exists a (necessarily unique) normal ^-isomorphism 7: A'j^ — )■ Ay such that 

(7®id)(t/) = T/; 

(3) we have 

{(r/ ® idB(L2(G)))(t/) I r? e B(Hy),} = {{ii® idj,(u-(G))){V) \ ^l G B(Hv),}. (2.1) 

Proof. ^^^. Suppose that U and V are quasi-equivalent. Let K be a Hilbert space and let 
T: K (g) H[/ ^^ K (g) Hy be a unitary such that 

Tl2C/23Ti*2 = V2^. (2.2) 

Take lo G B(L2(G))^ and put a; = (id ® uj){U) and y = (id (g) uj){V). Equation ((2?2|) shows that 
T{ly{®x)T* = Ik (gy. This implies that T{ty{® A'lj)T* C Ik^A'^^. Applying a similar argument 
in the converse direction we observe that actually r(lK ® A'^)T* = t^^(E)Ay so there exists a 
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normal ^-isomorphism 7: A'^ -^ Ay such that Ik 7(2;) — r(lK ® x)T* for ah x G A'j^. Using 
equation (|2.2p we see that (7 id)(J7) = V. 

©^(HJ- Let 7 : A'^ -^ Ay be an normal *-isomorphism such that (7 (^ id)(C/) — V. It is a 
well known fact (see e.g. [3 Theorem III.2.2.8]) that 7 is of the form Ik ® 7(2;) = T(1k 8) a;)r* 
for some Hilbert space K and a unitary operator T: K(g)H[/— ^K^Hy. It is then easy to check 
that T12U23T12 = V23, which proves the quasi-equivalence of U and V. 

@=^©- Since for any /x G B(Hy)H, the composition ^07 is a normal functional on Ay, there 
exists 7] G B(Hv)* such that 110 j = m ,, . This shows that 

IA^, 

{(?7 «) idB(L2(G)))(C/) I w G B(Hc/)*} D {(Ai ® idB(L2(G)))(y) | fi G B(Hv),}. 

Exchanging the roles of U and V we get the opposite inclusion; hence ([3]) follows. 

(I3|)=>(l2]). Let K be the extension of the antipode k of G to an unbounded operator acting 
on M(Co(G)) (see [50l Theorem 1.6]). Recall that k is a densely defined operator acting on its 
domain D(k) C M(Co(G)) such that for any representation U G M(/C(H(7) Co(G)) of G and any 
77 G B(H;7)* we have (77 (g) id)(C/) G D(k) and 

K((7y (g) id)(C/)) = (77® id)(t/*). (2.3) 

Consider the set X C L°°(G)* defined so that a; G X if and only ii uj*ok extends to a bounded 
normal functional on L°°(G). Define further A^ — {(id ijj){U) \ijJ G X}. Equation (|2.3p and 
the fact that [/ is a representation ensures that A^ is a weakly dense *-subalgebra of A'^. 
Let us define a map 70 : A^ — > Ay by the following formula: 

7o((id®cj)(L/)) =(id®w)(y), w G X. 

Fix w G X. Since V G M(Ay (g) Co(G)), the expression (id (g) w)(V^) makes sense. Moreover if 
(id (g) uj){U) = then for any i] G B(H(7):, we have a;((7; ® id)(C/)) = and by our assumption 
a;((/i (g) id)(y)) = for any /j, G B(Hv)*. The last property means that (id (g (^){V) — and 
shows that 70 is well-defined (cf . Lemma 11.61) . It can be checked that 70 is a *-homomorphism, 
for example 

7o((id®w)(C/))* - {{id^uj){V)y = (id® Kok])(T/) =7o(((id®w)([/))*). 

In the next step we shall show that 70 may be extended to a normal *-isomorphism 7 : A'j^ — > Ay. 
Take x G A^/. Using Kaplansky's density theorem, we may find a bounded net {xi)iizx of elements 
in A^ , say x^ = (id (g a;i)(l7) with w^ G X such that w-lima;^ = x. Let M G M+ be the 

corresponding bound: ||a;i|| <M. In what follows we shall prove that (7o(a;i))_ weakly converges 
to a certain element y G Ay. Take now fi G (Ay)». For each i G X we have /i(7o(a;i)) = 
a;j((/x(g)id)(F)). For rj G (A'j^), such that (fj, ig) id) (V) = (77 €5 id)(f/) we obtain /x(7o(xi)) = 77(2;^). 
In particular |/x(7o(a;i))| < -/W||7;|| and liui ii{jo{xi)) = 77(2;). Interpreting Ay as the dual of (Ay)» 

we conclude that the family (70(2;^))..^ of functionals on (Ay), is pointwise bounded. By the 
Banach-Steinhaus theorem it is norm bounded. Let N G IR.-|_ be a bound: ||7o(a;i)|| — ^ fo^' ^^ 
7 G X. Noting that the map (Ay), 3 fi 1-^ lim /i(7o(xi)) G C is a bounded functional with the 

norm not greater than N we conclude the existence of 7/ G Ay, such that y = w-lim7o(a;i). This 
enables us to define the aforementioned extension by putting 7(x) — y. If Xi > then for each 

iGX 

/i as above lim /i (70(2;.;)) = lim77(xi) = 0, so that y — 0. This implies that 7 is well defined. 

zGX i^X 

The equality 7(2;*) — 7(2;)* for any x G A^ and the fact that the star operation is weakly 
continuous imply that 7(2;*) = 7(2;)* for any x G A'j^. We will now show using once again (|2.ip 
that for any x,x' G A'^ we have 7(^2;') = 7(2;)7(x'). Note that, in the notation of the previous 
paragraph, for any i G X we have ^{jo{xi)) — rj{xi) for a certain -q G (A'j^),. Passing to the limit 
we get /x(7(x)) — ri{x), for any x G A'j^. Note also that 

(77 • x){x-) = 77(2;x^) = ^(7(2:2;^)) = (/i • 7(2;)) (7(2;-)) 
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for any x,x'^ G A^ . Again, passing to the limit, we get 

{■>l-x){x') = (^ • 7(2;)) (7(2;')) 

for any x £ A^ and x' G A'^. Replacing x e A-^j with a bounded, weakly convergent net (xi) of 
elements of A^ and passing to the limit yields (77 • x){x') — (/i • 7(x)) (7(2;')) fo^ ^^Y ^^ ^' G ^'j^- 
Finally we compute; 

li{-l{xx')) = ri{xx') = [i] ■ x){x') = {fi ■ 7(x)) (7(2:')) = /i(7(a;)7(x')) 

which shows that ^{xx') = ^{x)^{x') for any x, x' 6 A'j^. 

Exchanging the roles of U and V leads to the inverse *-homoniorphism 7^^ : Ay -^ A'^. This 
shows that 7 is normal, since isomorphisms of von Neumann algebras are automatically normal 
([m Corollary 3.10, page 135]). D 

It was shown in [40 that a unitary representation [/ of G is quasi-equivalent to W** if it is 
right absorbing, i.e. for any other representation V^ of G the tensor product V(f)U is equivalent to 
Ihv®^ (t^iis can be viewed as a version of the Fell absorption principle). We finish the section 
with a proposition which describes relation between quasi-equivalence of a given representation U 
of G with W*^ and the fact that U G M{lC{Hu) ® Co(G)) generates Co(G). 

Proposition 2.3. Let U be a representation of G quasi- equivalent to W . Then the unitary 
element U G M(A[/ (g) Co(G)) generates Co(G). On the other hand a representation U which 
generates Co(G) need not be quasi- equivalent to W'^ (even when G is a locally compact group). 



Proof. From Theorem EJUS]) it follows that 

{(w®idB(L2(G)))(C/)|c^GB(H[;)4 = {(Ai®idB(L2(G)))(W'^)|AieB(L2(G))J. 

Since for Y ^ {{^i(g) idB(L2(G)))(W^) | M e B{L^{G))J we have Y = Co((G), we see that Y 
generates Co(G) as a C*-algebra. Lemma [TM implies that U G M(A(7 ® Co(G)) generates Co(G). 

For the second part it sufHces to observe the following fact: let Ui and U2 be representations 
of a locally compact quantum group G and let U be their direct sum ([40l Subsection 3.3.1]). If 
Ui G M(/C(Hc/J (g) Co(G)) generates Co(G) then so does U G M{IC{Hu, ® H[/J (g) Co(G)). 

Let G = Z and let Ui and U2 be the regular and trivial representation of G. Then U = 
Ui ®U2 G M(/C(^^(Z) © C) (X) Co(Z)) generates Co(Z). It cannot be quasi-equivalent to W^, as 
then, according to Theoreni l2.21 we would have a (normal) ^-isomorphism between von Neumann 
algebras A'^ = L°°{T) © C and A^g = L°°{T). However, the latter algebra is non-atomic, so we 
would have a contradiction. 

D 

3. Closed quantum subgroups of locally compact quantum groups 

This section is central to our paper. We begin by introducing two possible definitions of a closed 
quantum subgroup of a given quantum group, the first of which appears in 43, and the second 
was suggested to us by S.L. Woronowicz. Then we provide alternative, simplified descriptions for 
both of them fTheorems 13.41 and 13. 6p and analyze their mutual relations (Theorems 13.51 and 13. 7p . 
We also present here a proof of Theorem 11.101 

The aforementioned definitions are as follows: 

Definition 3.1 ([43, Definition 2.5]). Let G, H be locally compact quantum groups. Then H is 
said to be a closed quantum subgroup of G in the sense of Vacs if there exists a morphism tt from 
H to G and a normal injective *-homomorphism 7: L°°(H) — > L°°(G) such that 

^lco(H)°% = %°^- (3-1) 

Definition 3.2 (Woronowicz). Let G, H be locally compact quantum groups. Then H is said to be 
a closed quantum subgroup of G in the sense of Woronowicz if there exists a morphism tt from H 
to G such that the associated bicharacter V G M(Co(G) Co(H)) generates Co(]HI). 
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The conditions above take as a starting point a morphism tt from H to G. We will sometimes 
say that H is a closed quantum subgroup of G in the sense of Vaes (respectively, in the sense of 
Woronowicz) via the morphism n. In Section|4]we will explain why when both H and G are locally 
compact groups both definitions are equivalent to the classical notion of H being (homeomorphic 
to) a closed subgroup of G. 

We will see later that the various examples of quantum subgroups considered in the literature 
are all closed quantum subgroups in the sense of both Vaes and Woronowicz. The case of compact 
and discrete subgroups is treated in Section [51 The non-compact examples of quantum subgroups 
in [38l Sections 3 and 4] and those coming from Rieffel deformation presented in [2^ are all closed 
subgroups in the sense of Vaes and Woronowicz ([301 Section 6], cf. also Theorem 13. 5p . Another 
class of examples is provided by the bicrossed product construction (see e.g. [HI US]). If (Gi, G2) 
is a matched pair of locally compact quantum groups in the sense of [Ul Definition 2.1] then Gi 
is a closed quantum subgroup of the bicrossed product of Gi and G2 both in the sense of Vaes 
and Woronowicz. 

In the next theorem we note that the definition of Vaes can be reformulated in various simplified 
ways (note especially condition ([2]) , which does not assume a priori the existence of a homomor- 
phism between H and G). In particular the definition of Vaes-Vainerman ([44j Definition 2.9]) is 
equivalent to Definition 13.11 



Theorem 3.3. Let G, EI be locally compact quantum groups. Then the following conditions are 
equivalent: 

(1) H is a closed quantum subgroup of G in the sense of Vaes; 

(2) there exists a normal injective *-homomorphism 7: L°°{M) — > i°°(G) such that 

(7«.7)oAg = Ago7; (3.2) 

(3) there exists a normal injective *-homomorphism 7: L°°{B) — S> L°^{G) such that the unitary 
(7 ® id)(W''^) G L°°{<Gi)®L°°{M) is a bicharacter from H to G — in particular it belongs 
toM(Co(G)®Co(H)). 

It will become clear from the proof of Theorem 13.31 that the map 7 mentioned in point ([2]) is 
the same as the one in ([3]) and still the same as the map 7 from Definition 13. II Moreover we show 
in the proof that 7 restricted to Co(IHI) is an element of Mor(Co(H), Co(G)). 

Proof of Theorem\3M ([I])^© — trivial. 

Q^^©. The map 7' = 7L ,-§-, is naturally a representation of the C*-algebra Co(H) on L^(G). 

Consider the unitary y = (7' (g) id)(W'") G M(/C(L2(G)) (g) Co(H)). Applying 7 (g) 7 » id to both 
sides of the equality 

(Ag®id)(W°)=W«3Wf3 

(viewed as an equality of operators in L°°{M) L°°{M) (g) L°°{M)) and using the equation p.2|) we 
see that 

Vu = (W« )*F23W« ^2*3. (3.3) 

The right side of the above expression belongs to M(Co(G) (g) /C(L^(G)) g) Co(H)) and V13 has 
legs only in the first and third tensor factor. Thus V G M(Co(G) g) Co(H)). Note that (jS^]) is 
precisely (J1.13a|) . The application of 7 g) id g) id to the pentagonal equation for W''^ implies that 
(I1.13bp holds and V^ is a bicharacter. 

(H^^II]). Note first that as V e M(Co(G) g) Co(H)), it follows that 

V = 7|c„(i)eMor(Co(H),Co(G)) 

because W"" G M(Co(H) (g Co(H)) generates Co(H). 

Let IT G Mor(Cg(G), Cq(]H)) be the strong quantum homomorphism associated with the bichar- 
acter V and let n G Mor(Co(IHI), Co(G)) be the dual quantum homomorphism. Then on one hand 
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we have (recall the dependencies between V, V and tt listed in Subsection II ■3p 

(id®7')(W®) = f> 

and on the other hand 

t/=(AH®[Ag07r])(W®). 
(this is ()1.15|) combined with ()1.10p ). Comparing the above and using the fact that 

wH = (AHS5Ag)(W®) 

(i.e. ()1.5|) for the quantum group H) we obtain 

(Ah® [7'oAg])(wfi) = (Ah® [Ago7?])(wfi). 
This can be rewritten as 

(id® [7'oAQ])(wfi) = (id® [Ago^])(wfi). 
and upon application of {ui ® id) with uj G B(L^(E[)) yields 

(7'oAa)((a;®id)(wS)) = (Ago^)((a; ® id)(W®)) 
for any such cj. By (|1.7p this implies that p.ip holds. This ends the proof. D 

Theorem 13.31 and a straightforward application of Theorem 12.21 yields the following result. 



Theorem 3.4. Let G, H be locally compact quantum groups and suppose that V G M(Co(G-) ® 
Co(IHI)) is a bicharacter describing a morphism it from M to Gr. Then the following conditions are 
equivalent: 

(1) H is a closed quantum subgroup of G in the sense of Vaes via the morphism tt; 

(2) the bicharacter V is quasi- equivalent to W'^ (as a representation of M); 

(3) Ay^A^a- 

Proof. The equivalence of ^ and ^ follows immediately from Theorem l2.21 as the sets appearing 
in ([2]) here coincide with the analogous sets in condition ([31) of that theorem (recall that V — a-{V*), 
W® = a{W^)*). The equivalence of (P) and Q follows again from Theorem [221 and (the proof 
of) Theorem [331 □ 



It now follows from Theorem 13.41 and Proposition 12.31 that there is a natural relation between 
Definitions 13.11 and 13.21 

Theorem 3.5. If M is a closed quantum subgroup of G in the sense of Vaes, it is also a closed 
quantum subgroup of G in the sense of Woronowicz. 



Proof. Immediate consequence of Theorem 13.41 and Proposition [2?3l D 



It is not clear if Definitions 13.11 and 13.21 are equivalent; in other words, whether Theorem 13.51 
admits the converse. This would follow if we could show that a bi-character U G M(Co(G)®Co(]HI)) 
describing a homomorphism from H to G which generates Co (H) must be quasi-equivalent to W^ 
(the example in Proposition 12.31 showed it need not be the case if we only assume that U is 
a representation of H). In the following sections we will show that in fact the equivalence of 
Definitions 13.11 and 13.21 holds in many natural cases. 

Now we show that Definition 13.21 also admits several natural equivalent reformulations. We 
collect them in the next theorem. 

Theorem 3.6. Let G, H be locally compact quantum groups and consider a homomorphism from 
H io G described by a bicharacter V E M(Co(G) ® Co(IHI)), a strong quantum homomorphism 
7r G Mor(Cg(G), Cg(]HI)) and a right quantum homomorphism p G Mor(Co(G), Co(G) ® Co(IHI)). 
Then the following conditions are equivalent (recall that V :— (j{V)* is a representation of G): 

(1) V G M(Co(G) ® Co(IHI)) generates Co(E[) (in other words H is a closed quantum subgroup 
of G in the sense of Woronowicz); 
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(2) A^ = Co(H); 

(3) the right quantum homomorphism p is strongly non-degenerate; 



p(Co(G)) (Co(G) lco(H)) = Co(G) Co(H) (3.4) 

(in particular the left hand side of (J3.4I) is contained in the right hand side); 

(4) 7r(Co(G)) = CS(H); 

(5) (Aho^)(CS(G))=Co(H). 

Proof ^<^^. This follows from Proposition[lJ]and an obvious fact that V G M(Co(G)®Co 
generates Co(H) if and only if \> e M(Co(H) «> Co(G)) generates Co(H) (cf. Remark [H]) . 
©^([Sl). We compute: 



p(Co((G))(Co(G)®l) 

== {v{ix-uj^id)iW^y (x)l)V*{y(x)l)\xeCo{G), yeCo{G), a; e B(l2((G)) J^"" 

= {iu;^id^id){V23iWf^)*V^%ix®y^l))\x e Co(G), y e Co(G), oj e B(l2(G)) J^"" 

= {(w«)id(g)id)(P^i*3(Wf2)*(a;«)yCg)l))|a;eCo(G), y e Co(G), w e B(l2(g)) J^"" 

= {{Lu(g) id ^ id) {V{3{x^y(E)t))\x£CQ{G), y e Co(G), a; e B(l2(G)) J^"" 

= Co(G) {(w ® id)(y) I cj e B(l2(G)) J^"" = Co(G) ® A^ 

In the third equality we used the bicharacter property of V (Eq. (ll.lSal) ) and in the fourth equality 
we used the fact that W"^ G M(Co(G) (g) Co(G)) is unitary. The above computation shows that 

A^ = Co(H) if and only if /?(Co(G)) (Co(G) «> l) = Co(G) ® Co(H). 

dl])^®. Taking into account dTT]), dHH) and ([TT^ we find that T^ = (id ® [AH07r])(W'^) and 

(AH07r)((a; ® id)(W'^)) = (a; ® id)(y). (3.5) 

Thus 

(AH07r)(CS(G)) = (AHO^)({(u;®id)(W«)|c^eB(L2(G))J""") 

- {(AH0 7r)((c^(»id)(W«)) |c^ e B(l2((G)) J-"" = A^. 

(I4])<^([5|). Since (l4])^([5]) is clear, it remains to show the converse implication. Consider the 
universal hft of F" £ M(Co(G) ® Co(H)) defined as V^ = (id (g) 7r)(W^), cf. [211 Section 4]. To 
show the desired implication it suffices to establish the following equality: 

{(a;(8)id)(y")|a;eB(L2(G))J^"" = Co(H) 

(cf. the proof of ©^([S])). Noting thalQ 

V{, = V:2W^,Vi2iW^3r (3.6) 

we compute: 

{{uj<E>id){Vn\coeB{L^{G))J-" 

(c^®M®id)(Fi*2WH3yi2(Wf3)*) \oj G B(l2(G))^, fi E B(l2(H)) J""" 

(w0M®id)(WH Fi2(WH )*) |c. e B(i2(G))^, ^ G B(l2(H)) J""" 

(77®M^id)(WH Wf2(W|5)*) |r; e B(l2(H))^, a* G B(l2(H)) J""" 

(ry ® M ® id)(Wf2Wf3) I r, G B(l2(H))^, a* G B{L^M))J-" 

{vx(E)id){Wf3)\7jeB{L^{m))^, xgCo(H)}^"" -CS(H). 



-'^To prove I I3.6I I we first note that we have (Ag0id)WH = W^gW^g as W"* is the unique Hft of W** to a bicharacter 
in M(Co(fi) C5{H)) described in gZl Proposition 4.14], This can be rewritten as WfjWHg = WfgWfjlWfg)*. 
Slicing with oj G B{L^{m)) ^ on the left leg we obtain the formula (Ae (g) id)Ag(a;) = WH(Ae(x) (g) l) (W^)* for all 
X £ Cf5(EI). Now we apply id gj An ® id to both sides of (id Cg) Ag[)(y" ) = ^1*2 ^13- By the previous formula this 
reads W^ Vi2(WH )* = Vi2Vi'^ which is JTHt . 
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The second equality follows from the unitarity of V, in the third one we used the fact that 
V e M(Co(G) (K) Co(H)) generates Co(H) and in the fourth equality we used the equation 
W^3W?2(Wg3)* = Wfl^jWifg (see derivation of formula dM]))- □ 

Condition ([3]) in Theorem 13.61 classically corresponds to properness and freeness of the natural 
action of H on G induced by the homomorphism from H to G, see Section S) It was introduced 
in the context of quantum groups by Podles in his thesis [3TJ Definicja 2.2], see also [32] and 
[551 Proposition 2.3] for a complete discussion. Condition Q is a natural reflection of a general 
principle that injectivity on the level of point transformations is equivalent to surjectivity on the 
level of induced transformations on algebras of functions (but cf . Theorem ll.l[[ 5t ) . One can ask 
the following question: are the conditions (HJ-® above equivalent in general to the surjectivity 
of the extension of n to multiplier algebras n: M(Cq(G)) — > M(Co(H))? The Pedersen-Tietze 
theorem ([JSJ Theorem 2.3.9]) implies that n is surjective if tt is, provided that Co(G) (and hence 
C5(1I)) is cr-unital. 

With the results obtained in this section in hand we are ready to give a proof of Theorem II. 101 

Proof of Theorem \1.1(A We are assuming that the strong quantum homomorphism vr G 
Mor(Co(G), Cq(IHI)) is an isomorphism. Consider the dual strong quantum homomorphism 
TT G Mor(Co(IHI), Co(G)). By (|1.16|) n is an isomorphism. We will show that n identifies G 
with a Vaes-closed subgroup of H. Let V be the bicharacter associated to tt: 

l/=(AH®[Ago^])(W®). 

As 

W"(Aa(x)®l)(W^)* = (Aa0id)A^(x) 

for all X G Co(H) (see Footnoted]), it follows that 

V{A^{x)®l){Vr = (Ag® [Ago^])Ag(2;). 

Let Y G M(/C(Hy) (g) Co(H)) be a representation of H. By the results of [121 [21], there exists a 
unique ip G Mor(Co(H),/C(H)) such that [ip (g) Ag)(¥f®) = Y. Set X ^ {ip (g, Tf-^){V^^). Then 
(id (g) Ag.)(Ar) = Xi2v'Ci3 because tt"^ intertwines the coproducts. Further 



H 



(id®Ag®[AgO^])(Xi2Xi3) = 1^23((id®Ag)(X))^2(y23)' 



so 



(id®[Ago7r])(X)®y=((id®Ag)(X))^2F23((id®Ag)(X))^2 

which means that (id® [Agorr]) {X)(T)V is equivalent to Eh^ ®V^- However (id® [AgoTr]) {X) = Y, so 
that, as Y was arbitrary, V is right-absorbing. It follows from [JD] (see remark before Proposition 
12. 3p that V is quasi-equivalent to W^. By Theorem 13.41 G is a closed quantum subgroup of H in 
the sense of Vaes. 

By Theorem 13.31 and the comment after it, there exists a morphism 71 G Mor(Co(G), Co(]HI)) 
such that 

7ioAg = Ahott. 
Applying identical reasoning to 7?^^ we obtain the existence of 72 G Mor(Co(H), Co(G)) such that 

72oAh = Agott"^ 

(note that we use once again the fact that n^^ = tt^^). Since Ag, and An are surjections we see 
that 7i and 72 are mutually inverse and we can set tt^ = 71 . □ 

We recall from Subsection 11.21 that the Fourier algebra and the Fourier-Stieltjes algebra of a 
locally compact quantum group are the Banach spaces 

Ae^L^iG), and Kg = C5(G)* 
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which we embedded into Co(G) and M(Cq(G)) respectively with the maps 

Ag 9w^^(a;®id)(W'^), 

6G9??^(^®id)(W«). 

We also note that Aa embeds in Bg via K~oi* ^ where i is the embedding Co(G) ^-s> i°°(G) (we 

G 

will also use the symbol "z" to denote the analogous embedding for other quantum groups). It 
is easy to check that this embedding is isometric. Moreover the induced embedding of Ag into 
M(Co(G)) actually embeds the Fourier algebra into Cg(G). 

Theorem 3.7. Let W be a closed subgroup of G in the sense of Woronowicz via the morphism 
tt: Co(G) — > Cq(]HI). Then the following are equivalent: 

(!) TT restricts to a map T : Ag — >■ Am which has dense range (for the Am norm); 

(2) TT* : Bg -^ Bm restricts to a map S: Ac, — >■ Am which has dense range; 

(3) H is a closed subgroup of G in the sense of Vaes. 

Moreover we can replace "dense range" by "surjection" in ([T]) and ^. If these conditions 
hold, then S and T are the same map, which is nothing but the pre-adjoint of the implicit map 
7: L°°(H) -^ L°°(G) appearing m ©. 

Proof. Let uj £ i°°(G), — Ag, set ^ = A~{i*{uj)) e Co(G)*, and let a be the image of uj in 
Bg C M(Co(G)), so a = (^ ® id)(¥/^). Then 

7r(a) = (^(8)7r)(W'^) = (7r*(/i) (g) id)(W"'), 
so that 7r(a) is (the image of) 7f*(/x) in Bm- It is now clear that ^ and ([2]) are equivalent. 



If ([U holds then the map S satisfies A~oi* oS = tt* o A^ o i* , and as A- o i* and A 



-Ol^ 



isometrics, S must be bounded. Set 7 = 5*: L°°(IHI) -^ L°°(G), so as S has dense range, 7 is 
injective. Then we have that 

7oA@ - 5*oAa = 5*oi**oAl*|^„(jj, = i**oA|*or*|^„^g^ = *oAgo^. 

As 7 is weak*-continuous, it now follows that 7 is a *-homomorphism, and so Q holds. 

Finally, if ([3]) holds, then we have a normal injective *-homomorphism 7: L°°{M) — > L°°(G) 
with 7oioAg = zoAgoTT. Thus, for tu G L°°(G)*, we have that 

7r*((Agoi*)(a;)) = {A^oi*oj^){uj), 

and so tt* restricts to a map S: Ag — >■ Am- As 7 is injective and hence an isometry, 7:,, is a 
surjection and so S, which agrees with 7* once appropriate identifications are made, is also a 
surjection. This shows ([2]), and also demonstrates the claim about replacing "dense range" by 
"surjection" . D 

Remark 3.8. From Theorem 13.71 we immediately see that H is a closed subgroup of G in the 
sense of Vaes, via the morphism tt: Co(G) — > Co(IHI), if and only if tt restricts to a surjection 
Ag — ^ Am- In the classical case, the Herz restriction theorem ([TSl H]) says exactly that if 7J is a 
closed subgroup of G, then the restriction map (which is nothing but tt: Co(G') — >■ Co{H)) gives a 
surjection Ag -> Ah- In other words the definition of a Vaes-closed subgroup is tailored exactly 
so that the quantum version of the Herz restriction theorem holds. 

4. Commutative case 

Let now G and H be locally compact groups, so in particular Cq{G) = Co{G) and Gq{H) = 
Co(-ff). Any homomorphism from H to G (in the sense of quantum groups — as defined in 
Subsection 1 1.3p is then described by a tt e Mor(Co(G), Co(i?)). Moreover tt is necessarily of the 
form 7r(/) = fo0, where 9: H ^ G is a continuous homomorphism (cf. Theorem II. 141) . 

Given a situation as above, consider the natural right action of H on the topological space G 
given by 

GxH5{g,h)> — >g-h^ge{h) eG. (4.1) 
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Let US also introduce the so called canonical map ^:GxH^)-GxG for this action 

-f{g,h) = {g,g-h) = {g,g0{h)). (4.2) 

([37]). Let p e Mor(Co(G),Co(G) ® Co{H)) and F e Mor(Co(G) ® Co(G),Co(G) (g) Co(i?)) be 
the morphisms of C*-algebras corresponding to (|4.1I) and (|4.2I) : 

p(,/)(5,/i) = /(<?-M, /eCo(G), .geG, /lei/, 

r(F)(5,;i) = F(7(5»), FgCo(G)®Co(G), geG,heH. 

Lemma 4.1. Lei 9: H ^ G be a continuous honiomorphism with corresponding action of H on 
G as in (|4.ip and canonical map 7: G x H ^)- G x G. Then the following are equivalent: 

(1) 9 is a homeomorphism onto its closed image; 

(2) the action of H on G is free and proper i.e. 7 is infective and proper; 

(3) (p(Co(G))(Co(G)®l) = Co(G) Co(7?). 

Proof. (IT])=^([2]). If is a homeomorphism, then 7 is a homeomorphism onto its range, as for (g, g') 
in the range of 7 (i.e. g' = g ■ h ioi some /i G i?) we have 7~^(g,.g') = (.g, ^^^(ff~^ff'))- Hence 7 is 
in particular injective and proper. 

(El)^©- Assume that 7 is injective and proper. Clearly 6 is then injective. Similarly, if 6 
were not proper, then there would be a compact set K C G with d~^{K) non-compact. But then 
"y~^{{e} X K) = {e} x 9~^[K) would not be compact either. 

Hence 9 is injective and proper. Proper continuous maps between locally compact spaces 
are automatically closed ([8j Chapter 1, §10]). Hence 9 has a closed image, and as a bijective 
continuous closed map is in fact a homeomorphism. 

dH)^©. Note first that 



(p(Co(G)) (Co(G) ® 1) = r(Co(G) ® Co(G)) . 
Hence ([3]) is equivalent to the fact that 7 is injective and proper by Theorem ll.il D 

Theorem 4.2. Suppose that G and H are locally compact groups. Then the following conditions 
are equivalent: 

(1) H is a closed quantum subgroup of G in the sense of Vacs; 

(2) H is a closed quantum subgroup of G in the sense of Woronowicz; 

(3) H is homeomorphic to a closed subgroup of G. 

Proof. Condition ^ implies ([2]) by Theorem l3.5l Conditions ^ and ([3]) are equivalent by Lemma 
14.11 and Theorem 13.61 It remains to note that ([3]) implies ([Ij . By theorem 13.31 this is precisely [5H 
Corollary 4.2.6] (which is a consequence of [I] Theorem (3.23)]). D 

Remark 4.3. 

(1) Let G be a locally compact group and let H be a locally compact quantum group. If H is a 
closed subgroup of G in the sense of Woronowicz then by Theorem l3. 61 there is a surjection 
from Co(G) onto Co(IHI), so that H is in fact a classical group. By Theorem 14. 2[ H is then 
also a closed subgroup of G in the usual sense. 

(2) Let H he a locally compact group and let G be a locally compact quantum group. If 
H is a, closed subgroup of G in the sense of Woronowicz then the associated morphism 
tt: Co(G) -^ Co(-ff) factors through the algebra Co(G), where G is the intrinsic group of 
G as defined by Kalantar and Neufang (a locally compact group associated to G, see [19]). 
It follows from Theorem 13.61 that if is a closed subgroup of G (again in the usual sense) . 

Theorem 13.71 shows that the existence of an injective normal *-homoniorphism from vN(77) 
to vN(G) is naturally very closely related to the Herz restriction theorem (cf. Remark 13. 8p . To 
analyze the situation closer assume that _ff is a closed subgroup of a locally compact group G and 
consider the following statements: 

(1) the restriction map from Co(G) to Co{H) yields a surjective map from Ag to Ah', 
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(2) the prescription Xh i-^ Xj^ , h £ H (where A^ denotes the (unitary) left shift by h on 
L^{H) and X\^ the corresponding (unitary) left shift by h on L^{G)) extends to a normal 
injective ^-homoniorphism from vN(_ff) to vN(G); 

(3) the restriction of the left regular representation of G to iJ is quasi-equivalent to the left 
regular representation of H. 

It is very easy to see that they are all logically equivalent ((I2|) is essentially the definition of 
quasi-equivalence in ([3]) , and the equivalence of ([1]) and ([2]) follows from a basic functional analytic 
argument, appearing already in [161 Section 0]). The first condition is the Herz restriction theorem. 
The third one can be viewed as a statement related to the theory of induced representations, and 
the induction-restriction procedure, as [26l Theorem 4.2] states that the left regular representation 
of G is the induction of the left regular representation of H. Interestingly, we could not locate an 
explicit statement of the condition ^ in literature. In the remainder of this section we will give 
an alternative proof of the implication (I3])=>([T|) in Theorem 14.21 In particular this gives a new 
proof of Herz restriction theorem (cf. Remark iB.Sp . Our reasoning is based on existence of locally 
Baire cross-sections for the canonical projection G — ?> G/H (|21j). 

Following the notation of [21] Section 4] we let q: G/H — > G be a locally bounded Baire 
cross-section to the canonical quotient map G — > G/H. We denote by $ the bijection 

{G/H) X H 3 {[g],h) ^ q{[g])h e G. 

Let /U and /3 be Haar measures on G and H respectively and let A be a quasi- invariant measure 
on G/H with associated p-function p (jTS", Section 2.6]). In |2r, Section 4] E.T. Kehlet shows that 

tp I — > /9"2 . ^o$ (4.3) 

is a unitary map L'^{G,^i) — > L'^[{G/H) x _ff, A x /?). We note that 

<^{[g],h)h'^<i>{[g],hh'), (4.4) 

and the function p satisfies 

Pi9h') = ^Pig) (4.5) 

m)- 

We identify L^{G/H, A) (g) L^{H) with L^ {{G/H) x H,Xx (3) in the usual way (the respective 
measures are regular) and define a unitary T : L^ {G/H, A) (g) L^ {H) — )• L^ (G) as the inverse of 
(I13D, i.e. 

{Ti,){g)^p{g)h{-^-\9))- 
For h' E H let Rh' be the unitarized operator of right translation by h' on L'^{H) and let R^, 
denote the operator of right translation by h' on L^{G). Fix g & G and let $^^(5) = {[go],ho)- 
Taking into account (14. 4p and (14. 5p we compute 

((r(l ® i?v)T*)^) (5) = p{g)^{{{t ® Rh')T*)i,) {<^-\g)) 

^p{g)^AH{h')HT*^P){[golhoh') 

= p{g)iAH{h')ip{'^{[9o],hoh'))-'^^{'P{[go],hoh')) 

^p{g)^AH{h')h{gh')-h{9h') 

^p{g)iAH{h')^ ^^y%{g)~^{gh') 

= AG{h')iij{gh') = {Rf:4){g). 

Thus T(l ® Rh')T* = i?Jf,. This means that the (right) group von Neumann algebra vN(iJ) 
is isomorphic to the von Neumann subalgebra of vN(G) generated by the right shifts on G by 
elements from the subgroup H . This embedding is the map 7 from Definition 13.11 In particular 
if is a closed subgroup of G in the sense of Vaes. 
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5. COCOMMUTATIVE CASE 

Let again G and H be locally compact groups. Recall that in this case the dual locally compact 
quantum groups G and H oi G and H are respectively defined by putting Co{G) — C*(G), 
CoiH) = C;{H). We have the following resuh. 

Theorem 5.1. Let n be a morphism from H to G and let, as usual, n denote the dual morphism 
from G to H , so that 

n: Co{H) 3f^ foO e M(Co(G)), (/ G Co{H)) 

for some continuous homomorphism 9 : G ^>^ H . Then the following conditions are equivalent: 

(1) H is a closed quantum subgroup of G in the sense of Vaes (via the morphism ttJ; 

(2) H is a closed quantum subgroup of G in the sense of Woronowicz (via the morphism n); 

(3) 9 maps G onto H and the induced map 9 : G/kere -^ H is a homeomorphism. 

Proof That (lU^^dll) is Theorem [331 

Suppose that ([2]) holds, so that the morphism tt: C*(G) — s> C*{H) maps to C*{H) and is 
surjective. Since G and H are classical groups, the algebras Ah, Bh, Ag and Bg (as defined in 
Subsection II. 2p are the classical Fourier and Fourier-Stieltjes algebras of H and G respectively. 
In particular we have that Bh = C*{H)*, and similarly Bg = C*(G)*. Thus tt* : Bh ^ Bg is 
weak*-weak*-continuous. Let Go be the closure of the image of 9 in H, and let 9o : G —>■ Gq he 
the corestriction of 9. By [181 Lemma 4.2] it follows that 9o is an open surjection. We claim that 
Go = H, from which ([3]) will follow. Indeed, if Go ^ i? then as Ah (and hence also Bh) is a 
regular algebra of functions on H (see [HI Lemme 3.2] or [521 Proposition 4.1.8]) we can find a 
non-zero b G Bh with b{s) ~ for all s G Gq- As a map between function algebras, n* is simply 
7r*(&) = bo9, and so 7r*(fe) = 0. However, as tt is surjection, tt* is an isometry, and so 7r*(6) ^ 0, a 
contradiction. Thus Gq = H as required. 

If ([3]) holds then as both K — kei9 and G/K are locally compact groups in their own right, they 
carry Haar measures, which we may normalize so that the Weyl formula holds: for / G Coo(G), 

J f{s)ds= J j f{st)dtd{sK). 

G G/K K 

It is not hard to see that the map 

Ik-LHG) 3 f ^ I f{st)dt e L\G/K) 

K 

is an algebra homomorphism and a metric surjection; see [28l Section 1.9.12] for example. We 
notice that then /^ : L°°{G/K) — > L°°{G) is an injective normal ^-homomorphism which inter- 
twines the coproducts. As G/K is homeomorphic to H , the Haar measures on H and on G/K 
are proportional, and so the map 

70 : L'^{H) 9 F ^— > Fo9 e L'^{G/K) 

is well-defined, and is hence a normal *-isomorphism which intertwines the coproduct. Then set 
7 = I^ojq: L°°{H) — > L°°{G). So 7 is an injective normal ^-homomorphism which intertwines 
the coproducts, and a simple check shows that 7L, ^„-, = 7?, so ([T]) holds. D 

Remark 5.2. Let G be a locally compact group and let H be a locally compact quantum group. If 
H is a closed subgroup of G in the sense of Woronowicz then tt: C*(G) -^ Co(H) is a surjection, 
and so Co(IHI) is cocommutative, hence of the form C*{H) for some H, and it then follows that H 
is a quotient of G. 

Let us give some indications of how the proof of [T51 Lemma 4.2] proceeds. Firstly, arguing 
as in the proof of ©^^([T]) above, it is not hard to reduce the problem to the case when 9 is an 
injection. The key result is then [6l Theorem 1.3] which tells us that tt*{Bh) contains Ag (as it 
is a weak*-closed, conjugate closed, C*(G)-module which, as a space of functions on G, separates 
the points of G; this final claim uses the assumption that 9 is injective) . 
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These ideas can be readily generalized to the setting of locally compact quantum groups. 

Proposition 5.3. Let G and H be locally compact quantum groups and let tt : Cq(G) — s> Cq(H) be a 
strong quantum homomorphism identifying H as a Woronowicz-closed subgroup ofG. Furthermore, 
suppose that tt*{Bm) contains the image of Aq under the map Ag. Then G and H are isomorphic. 

Proof. As TT is onto, tt* is an isometry onto its range, and so there is an isometric map : L°° (G) » — > 
Cq(IHI)* with TT*o (j) — Ag; clearly (j) \s a. Banach algebra homomorphism. Let 

^ = <^1cs(H)^ CS(H)^L-(G). 

Then iboT: — (J)*ott**\ , . = A^*L„,„, = Ac, so we have the diagram 

CS(G) -^^ Co(H) 




As TT is onto, it follows that V' is a *-homomorphism. Therefore it follows easily that ijj intertwines 
the coproducts. From the results of |27[ Section 4] there is a strong quantum homomorphism 
-00: Co(Il) — )• Co(G) with Agoi/jq — ip. Thus Ago^qo'I' = A^. By passing to bicharacters and 
applying |271 Lemma 4.13] it follows that 7/'o°7'' is the identity on Co(G). In particular, tt must be 
injective, and so an isomorphism. Thus the quantum groups G and H are isomorphic by Theorem 
[TTUl D 

6. Compact and discrete cases 



In this section we establish the equivalence of Definitions [3Tl and \3l2\ when a potential quantum 
subgroup is compact (Theorem 16. ip and when the "larger" quantum group is discrete (Theorem 
16. 2p . The first of these results shows in particular that if both quantum groups in question are 
compact, the definitions studied in this paper coincide with the one currently adopted in literature 
(see [F, iT, etc.); the second can be thought of as the generalization of the Herz restriction theorem 
to the context of discrete quantum groups. 

6.1. Compact subgroups. Let G and H be locally compact quantum groups and assume further 
that H is compact. We will show in Theorem 16.11 that H is a closed subgroup of G in the sense 
of Vaes if and only if it is a closed subgroup of G in the sense of Woronowicz. However, before 
proceeding with this theorem let us make the following observation: consider a homomorphism 
from H to G described by tt G Mor(Co(G), C"(]HI)) (remember that H is compact). Based on 
Theorem ll.l[(5t one could define injectivity of the homomorphism from H to G as the property 
that the range of tt is strictly dense in M(C"(IHI)). But C"(]HI) is unital, so strict density of the 
range of n is equivalent to its norm-density. Moreover, since the image of a C*-algebra under 
a *-homomorphisms is closed, n must be a surjection. By Theorem 13.61 this means that H is a 
closed subgroup of G in the sense of Woronowicz. In other words, the above argument shows that 
a compact quantum group H with an injective homomorphism into G is automatically a closed 
subgroup of G in the sense of Woronowicz (thus by Theorem 16.11 it is also closed in the sense of 
Vaes). In particular the notion of a quantum subgroup used e.g. in [JSi Sections 4 and 5], [36] , [1] 
is identical to those given in Definitions 13.11 and 13.21 

Before proceeding let us also quickly note that a Woronowicz-closed subgroup of a compact 
quantum group is automatically compact (so, by Theorem 16. II it is also Vaes-closed) . The reason 
for this is that a quotient of a unital C*-algebra is obviously unital (cf. Theorem 13. 6t H|)). 

Theorem 6.1. Let M be a closed subgroup of Gr in the sense of Woronowicz and assume that H 
is compact. Then H is a closed subgroup of G in the sense of Vaes. 

Proof. The subgroup H is compact, so we can write Co(IHI) — Co(H), as the quantum group H 
is discrete and hence coamenable. Moreover the C*-algebra Co(]HI) is a Co-direct sum of matrix 
algebras. It is not difficult to see the following 
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• the multiplier algebra M(co(IHI)) is canonically isomorphic to the double dual Co(]EII)**, 

• for any C*-algebra C of operators and any $ e Mor(co(]HI), C) the extension of $ to a 
mapping M(co(]HI)) -^ M(C) C C" is cr-weakly continuous; in fact the extension of $ to 
multipliers coincides with its normal extension ( [29. Theorem 3.7.7]). 

Now, just as in the proof of Theorem 13.61 f Eg. p.5|) ) we have 

(AH07r)((w ® id)(W^)) = (w ® id)(y). (6.1) 

Since V G M(Co(G) «> Co(IHI)) generates Co(IHI), we have by Proposition [Q that 

{(7?®id)(y)|r;eL°°(G)4 

is dense in 0(11). 

Therefore if w e L°°(H)^ is non-zero then it must be non-zero on some element (ry id)(V). It 
follows that 

so (id CS) uj){V) y^ 0. In view of (16. ip this means that Ago?? is injective on the subspace 

{{id®uj){W^)\ujeL°°(M),} CCo(H) 
which coincides with the Fourier algebra 

Aq = {(id®w)(W^)|u; G i°°(H)4, 

as H is coamenable (cf. (|1.8p ). This last subspace contains the Pedersen ideal of Co(]HI) (cf. (|6.3p ). 
By [71 Proposition II. 8. 2. 4] this implies injectivity of Ago?? on all of Co(IHI). Finally Ago?? remains 
injective after extension to £°°{M) = M(co(]HI)) because this extension coincides with the extension 
to the multiplier algebra and such extensions always preserve injectivity (^24] Proposition 2.1]). D 

The arguments similar to these above appeared earlier in j35j . an article which studies the 
relations between compact quantum subgroups of a coamenable locally compact quantum group 
G and left invariant C*-subalgebras of Co(<G). 

6.2. Subgroups of discrete quantum groups. The main result of this subsection is the fol- 
lowing: 

Theorem 6.2. Let W be a closed subgroup of G in the sense of Woronowicz and assume that G 
is discrete. Then H is discrete and H is a closed subgroup of G in the sense of Vacs. 



We will prove Theorem l6.2l bv generalizing to the setting of discrete quantum groups the theorem 
of Herz [15], [Ij Proposition 3.23] and using Theorem 13. 7k cf. Remark l3.8p . 

Since G is a discrete quantum group, the C*-algebra Co(G) — Cq(G) = co(G) is a Co-direct 
sum: 

co(G) = M„„ 

and the embedding of Bg into M(Co(G)) is in this case 

Bg = C"(G)* 3 77 k-^ (ry ® id)(W^) e M(co(G)) = £°°(G) (6.2) 

(and Ag is then mapped to the space of slices of W^ — W^ with normal functionals on L°°(G)). 
In particular one can use the functionals dual to the canonical basis of the Hopf *-algebra sitting 
inside C(G) ([51] Theorem 2.2], [5J Theorem 5.1]). These are normal and we easily see that their 
image in the mapping (16. 2p spans the Pedersen ideal Coo(G) of Co(G). The ideal Coo(G) is the 
algebraic direct sum of the same family of matrix algebras. On the other hand these functionals 
are linearly dense in L°°(G)* (they correspond to density matrices on L^(G) which are of finite 
rank). Therefore 

coo(G) c ^G (6.3) 

with Ac viewed as a subspace of Co(G). 

Theorem 6.3. The space Ag is the closure in Bg o/coo(G). 
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Proof. As we mentioned before stating Theoreni l6.3l the space Coo(G) viewed inside Bq is the space 
of functionals which are normal on L°°{G) and whose density matrix is a finite rank operator. 
The closure of this space of functionals inside the space of all functionals on C" (G) is the space of 
all functionals which are normal on L°°{G), i.e. the space Ag- O 

Proof of Theorem \6.S\ The C*-algebra Co(G) = Co(G) is a Co-direct sum of matrix algebras: 

aeTZ 

By [3 Proposition II. 8. 2. 4] any ideal in Co(G) is of the form 

aelZo 

for some TZq C TZ (the direct sum is still in Co-sense). Now if tt : Co(G) — ;• Cq(H) is the epimorphism 
corresponding to the embedding of H into G and TZq corresponds to the kernel of tt, we see that 
Co(]HI) is the Co-direct sum 

CS(G)= M„„. 
aen\no 
For the same reason the algebra Co(IHI) which is a (potentially proper) quotient of Co(IHI) is also 
a Co-direct sum of matrix algebras. In particular Co(]HI) is an ideal in Co(G)**. By [Ml Theorem 
4.4] IH is a discrete quantum group. In particular Co(IHI) = Co(]HI) = Co(H). 
Consider the adjoint of the map tt: C"(]HI) — )► C"(G), i.e. 

n* : Bq — > Bm- 

We now note that tt* maps Coo(G) into Coo(]HI). Indeed, tt* is the operation of pre-composing a 
functional with n. In particular, on the level of £°°(G), where Bg is embedded, we have 

r((?7(^id)(W'»)) = ([?7o5?](8)id)(W=') 

= (77«)id)((^0id)(W'»)) 

^(ry«)id)((id®7r)(W'^)) 

= 7f((77®id)(¥f^)), 

where tt is the canonical extension of tt to M(co(G)) = £°°{G). Also tt* is a contraction for the 
norms on Bg and Bm (as an adjoint map of a contraction tt: C"(IHI) — j- C"(G)). It follows from 



Theorem 16.31 that tt* restricts to a contraction 

T : Ag — > Am 
with dense range; this completes the proof by applying Theorem 13.71 D 
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